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Real Matrix Representations for the
Complex Quaternions

Cristina Flaut™® and Vitalii Shpakivskyi

Abstract. Starting from known results, due to Y. Tian in [5], referring
to the real matrix representations of the real quaternions, in this paper
we will investigate the left and right real matrix representations for the
complex quaternions and we will give some examples in the special case
of the complex Fibonacci quaternions.

Keywords. Quaternion algebra; complex Fibonacci quaternions; matrix
representation.

1. Introduction

We know that each finite dimensional associative algebra A over an arbitrary
field K is isomorphic with a subalgebra of the algebra M, (K), with n =
dimg A. Therefore, we can find a faithful representation of the algebra A
in the algebra M,, (K). For example, the real quaternion division algebra is
algebraically isomorphic to a 4 x 4 real matrix algebra. Starting from some
results obtained by Y. Tian in [5] and in [6], in this paper we will show that
the complex quaternion algebra is algebraically isomorphic to a 8 x 8 real
matrix algebra and will investigate the properties of the obtained left and
right real matrix representations for the complex quaternions. In Section 3,
we will provide some examples in the special case of the complex Fibonacci
quaternions.

Let K be the field {( Z :lb ) | a,b € R}. The map

@:C—>K,<p(a+bi):((; ab),

To Ioana G
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) . . —b\ .
where i2 = —1 is a fields morphism and ¢ (z) = ( Z a ) is called the
matrix representation of the element z = a + bi € C.
Let H be the real division quaternion algebra, the algebra of the elements

of the form a = ag + a1 + asj + azk, where

an € R,n €{0,1,2,3},i% = j% = k? = —1;
and

ij=—ji=k,jk=—kj=1iki=—ik =j.
H is an algebra over the field R. The set {1,4,7j,k} is a basis in H. The
conjugate of the real quaternion a = ag + a17 + asj + ask is the quaternion
a=ag— ai — azj — azk and n (a) = aa@ = aa is called the norm of the real
quaternion a.

A complex quaternion is an element of the form Q = ¢o + c1eq + coes +

cses, where ¢, € C,n € {0,1,2,3},

ez =—1, ne{1,2,3}
and
Em€n = —€nptm = aneh an S {_17 1}7m 7é n,m,n € {17273}7

Bmn and e; being uniquely determined by e, and e,. We denote by H¢ the
algebra of the complex quaternions, called the complex quaternion algebra.
This algebra is an algebra over the field C. The set {1, e1, ea,e3} is a basis in
He.

The map v : R — C,v(a) = a is the inclusion morphism between
R-algebras R and C. We denote by F the C-subalgebra of the algebra H¢,

]F:{QEHC | Q:CQ+6161+0262+6363767L ER,RE {0,1,2,3}}

By the scalar restriction, F became an algebra over R, with the multi-
plication “-”
a-Q=7(a)Q=0aQ,a eR,QE€TF.
We denote this algebra by Hg. The map
6:H—Hg,0(1)=1,6() =e€1,6(j) =e2,0(k) =e3
and
1) ((Lo + a1t + azj + agl{?) = ap + aje; + aze2 + ases,
where a,, € R,m € {0,1,2,3} is an algebra isomorphism between the alge-
bras H and Hpg.The algebra Hpi has the same basis {1, ey, e, e3} as the alge-
bra H¢g. From now one, we will identify the quaternion ag + a1 + asj + ask
with the “complex” quaternion ag+aje1+azea+ages, anm € Rym € {0,1,2,3}
and instead of Hg we will use H.
It results that the element Q € He, Q = cg + c1e1 + caes + c3€3,Cm €
C,m € {0,1,2,3}, can be written as Q = (ag + ibg) + (a1 + ib1)er + (a2 +
iba)ea + (az + ibz)es, where an,, b, € R,m € {0,1,2,3} and i? = —1.
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Therefore, we can write a complex quaternion under the form
Q =a+ib,
with a, be H, a = ag + ajey + ases + ases, b= b() + blel + b2€2 + 6363.

The conjugate of the complex quaternion @ is the element QQ = ¢y —
c1e1 — coeg — czes. It results that

Q =a+ib. (1.1)

For the quaternion a = ag + a1e; + ases + azes € H, we define the
element

a® = ag+ aje; — azes — ases. (1.2)
We remark that
(a*)"=a (1.3)
and
(a+0b)" =a*+b", (1.4)

for all a,b € H.
For the quaternion algebra H, in [5], was defined the map

ap —aip —az —as
AH— My (R),A(a) = | @ %~ @ |

az a3 ap —a1
az —az ai ag

where a = ag + aie1 + ases + ases € H is an isomorphism between H and the
algebra of the matrices:

ap —aip —az2 —ag
a1 Qo —asz ag

, @0, 01, 02,03 € R
az as ao —ai

az —az aj Qg

We remark that the matrix A (a) € My (R) has as columns the coeffi-
cients in R of the basis {1, e1,eq,e3} for the elements {a, aey, aeq, aes}.

The matrix A (a) is called the left matriz representation of the element
a € H.

Analogously with the left matrix representation, for the element a € H
in [5], was defined the right matriz representation:

ap —ap —Q2 —das

ap ao as —a2
pH— My[R), pla)= ,

a2 —ag aop ay

as ag —ap Qo

where a = ag + are1 + ases + azes € HL.

We remark that the matrix p (a) € My (R) has as columns the coeffi-
cients in R of the basis {1, e1,eq,e3} for the elements {a,e;a,esa, esa}.
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Proposition 1.1. [5] For x,y € H and r € K we have:
DAz +y) =A@) +A(), Azy) = A (@) A(y), A(rz) = rA(z),
)\(1) =14, re K.
ii) p(ﬂf}-{# y)=p@)+p ), p(ry) = py) p(x), p(re) =rp(z), p(1) = I,
T e .
i) A (1) = (A@) 7L o (e) = (p(@)) L, for x40,

Proposition 1.2. [5] For x € H, let 7 = (ao,al,ag,ag,)t € Miya(K), be
the vector representation of the element x. Therefore for all a,b,x € H the
following relations are fulfilled:

i) at = \(a) 2.

ii) zb=p(b) 7.
m)%—x() (b)?—p(b)k(a)?.
iv) p(b)A(a) =A(a)p(b).

v) det (A (x)) = det (p (x)) = (n(z))”.

For details about the matrix representations of the real quaternions, the
reader is referred to [5].

2. Main Results

0 -1 0 O
. 1 0 0 O . .
Let 0 be the matrix 6 = 00 0 -1 |7 A(e1) = A (i) . The matrix
0 0 1 O

_ [ Aa) =)
r@=(36 )
where (Q = a+1b is a complex quaternion, with a = ag+aie; + ases +azes €
H,b = by + bieq + boes + bges € H and > = —1, is called the left real

matriz representation for the complex quaternion Q. The right real matriz
representation for the complex quaternion (@ is the matrix:

_( rla) —p(b)
o@=( i) 207 )
We remark that I' (Q),0 (Q) € Mg (R).
Now, let M be the matrix
M = (]., —€1, —€9, —eg)t .

Proposition 2.1. If a = ag + a1e1 + ases + ages € H, we have:
i) Aa) M = Ma.
iii) A(ia) = 60X (a) and A (ai) = A (a) 6.
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apg —ai;p —ag —as 1
. a; a —a a9 —€1
Proof. i) A(a) M= 0 3
a2 ag ag —ax —€2
az —az a ago —€3
aptaie;+azestaszes aptaie;tazestazes
_ a1-ape1tages-ages -e1(ap+arer+azestases)
az-azei-apeztaies -e (ap+are1+azea+tases)
aztager-ajez-apes -e3 (ap+aie1+azea+ases)
1
—e
= ! a= Ma.
—ey
—e3
0 -1 0 O 1 el
i) M — 1 0 0 O —e; | 1
0 0 0 -1 —€9 €3
0 0 1 0 —€3 —€9
1
—e1
= €1 = Mel.
—es
—e3
iii) For a = ag 4+ a1e1 + ases + azez € H, we have ia = —aj + age; —
ases + ases. It results that
—aip —ap as —az
. a —a1 —ay —a
A (za) _ 0 1 2 3
—asz az —ap —ap
a2 as ag —ay
0 -1 0 0 ap —a1 —az —as
. 1 0 0 O a1 a —as a
Since 6 (a)= roro 3
0 0 0 -1 a2 as apn —Qq
0 0 1 0 a3z —az ap ap
—ai —ap as —asz
a —a1 —a2 —aQ . .
= 0 3 |, we obtain the asked relation. 1
—as a2 —ap —ap
az as Qg —ax

Proposition 2.2. Let a,x € H be two quaternions, then the following relations

are true:

i

11

)
)
i)
)
)

—
=

v
%

(ra)" = z*a*.

a*i = ia, where i = —1.
ai = ia*, where i = —1.
—a* = iai, where i? = —1.

For X, A€ He, X =2+ iy, A = a+ib, we have

XA=za—y"b+i(z*b+ya).
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Proof. Relations from i), ii), iii) are obviously.

*

iv) From ii), it results (za)* = —i (za)i = —izai = (izi)(iai) = v*a*.
v) We obtain

XA = (z+iy) (a+ib) = zatwxib+iyatiyib = xa—y*b+i(x*b+ ya). O

Proposition 2.3. For X, A€ He, X =z + iy, A = a+ib, we have I' (X A) =
L(X)T((A).

Proof. From Proposition 1.2 i) and Proposition 2.2 iv), it results that

F(X)F(A):</\($) A({;))(A(a) -\ )))

(
AMy) Az A(b)  A(a*
_ ( A@)A(a) =AY )A () -A(@) A (") =A(y*) A(a¥) )
A A(a) + A @) A (D) -A(y) A(b") +A(z") A(a”)
_ ( Mza —y*b)  —Nab* +y*a*) )
A ) A(—yb* +z*a*) )
A( ) —A(z7b+ya)*) )
AMz*b+ya)  A((za—y*d)*)
A( ) —A(xb* +y*a¥)
Al ) Mata* —yb*) ) -

Definition 2.4. For X € Hg, X = = + iy, we denote by
X = (T, Y)' € Msx1 (R)

the vector representation of the element X, where x = xg + x1€1 + x2e9 +
xzze3 € H, y = yo + y1e1r + ya2ex + yzez € H and 7 = (zo, T1, 22, 23)" €
My (R), 7 = (Y0,¥1,Y2,y3)" € Myx1 (R) are the vector representations
for the quaternions x and y, as was defined in Proposition 1.2.

Proposition 2.5. Let X € He, X = x + iy, x,y € H, then:

i) X=r (X) ( (1) ) , where 1 = Iy € My (R) is the identity matriz and
0= 04 € My (R) is the zero matriz.
i) AX =T (4)
10 0 O
ot o1 0 o0
i) ay* =Y, where a= 00 -1 0 |€ My (R).
00 0 -1

iV) a2 = I4.
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ii) From i), we obtain that

‘AQ?:F(AX)( L ) _ (A)F(X)( L ) _T(A)X.

0 0
1 0 0 0 Yo Yo
.y % | 01 0 0 Y1 N I
iil) ay*= 00 -1 0 W el =7. O
00 0 -1 —Ys3 Y3

Proposition 2.6. Let Mg be the matriz Mgz(ﬁjj\é ), then —%MgMgzl.

Proof. Tt results

€1
-1
es
€2
-1
€1
€2
€3

MgMSZ( €1 -1 €3 €9 -1 €1 €2 €3 )

Theorem 2.7. Let Q) € Hg be a complex quaternion. With the above notations,
the following relations are fulfilled:

1) r (Q*) Mg = MgQ, where Q = x +1y, Q* = 2" +1y, z,y € H.
) Q= ~ 1ML (Q") My,

Proof. 1) Let @ be a complex quaternion. From Proposition 2.1 i) and ii), we

obtain:
5 ) (%)

@ (A0 i
o Xy )=( 2 xyzzﬂ)ﬂfﬂ

E S (g
( OA(x +iy) M >:< OM (x + iy) > ( oM >(m+iy):M8Q_

—M(z +iy) —M(z +1iy) -M
ii) If we multiply the relation I' (Q*) Mg=MsQ to the left side with
— 1 M{, we obtain Q=—1M{TI" (Q*) Ms. O

Proposition 2.8. For X, A € Hg, X = x + iy, A = a + ib, we have
O(XA)=06(A)0(X).

Proof. Using Proposition 1.1 ii), Proposition 2.2 iv), relations 1.3 and
1.4, it results that
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) , where 1

1
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Proposition 2.9. Let X € He, X

664

the identity

I, € My (R) 8

Jou

(

m

and o € My (R) as

the zero matriz

(R) is

N~———
~— . o

MAM\I/(%X

— O I~

— =
(1010

D ——

=8

[(A)X

s —=2Zs =4
> U pp\ﬁl? — < <
~— ~—" N~—

S o — — o

A(XB)

0 «

A_n__\)\l/\l/e
! o Jo 3o J

for all A, B € He.

iii) I'(A) (

e
o 101010.H
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Since AXB = A(XB) = (AX)B, it results that

wi- () 0o} )

0 « 0
1 0 1 0
_(0 . )@(B)(O . )r(A)?,
therefore we obtain the asked relation. O

Theorem 2.10. With the above notations, the following relation is true:

I (X) = MO (X) My,

where
(4 0
(L) esmm,
—As 0
M2—< 0 A ) € Mg (R) and
o -1 0 O
-1 0 0 O
0 0 -1 0
0O -1 0 0
-1 0 0 O
Ag= 0 0 0 —1 €M4(R).
0 0 1 0
Proof. First, we remark that A;p(a = A (a) . Indeed,
0 -1 0 O apg -ai 0 -1 0 O
-1 0 0 0 ay ag -1 0 0 O
0 0 0 1 as -as 0 0 0 -1
0 0 -1 0 as as 0 0 1 O
—a1 —ag —az a9 0 —1 0 0
o —ap Qi a9 as -1 0 0 0
o as a —a1 Qo 0 0 0 -1
—az as —ag —ap 0 0O 1 0
ag 251 as as
_ —ai; Qo as —as9 _ )\t (CL)
—a —az Qo aq
—a3z a2 —Qa1 Qo
We have
M6 (X) My

(o ) (o ) (3 4

=t A (o a)
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[ Awp(x) Az Ap(y) Az \_ [ Alx)  Ay)

—Aip(y*) Az Aip(a7) Az “A(y") A(z")

AMz) =A(y) ) ;
= =T . U

(3 & )
Remark 2.11. From Theorem 2.7 and Theorem 2.10, it results that
1
Q= —ZN1®t (X™) Na,
where ) € Hc is a complex quaternion, Ny = M{MY and Ny = M} Ms.
Proposition 2.12. For @ € H¢g, Q = a + ib, we have:
detT' (Q) = det © (Q) = n (aa* + b*b)* = n (a*a + b*b)>.

Proof. We obtain:

det T (Q) = det < iizg _;(g’)) >
=det (A (a) A (a™) +X (b") A (D))
= det (A (aa*+b*b)) = n (aa*+b*b)>.

For the second, we have:
pla) —p( )>
det © (Q) = det .
*66(Q) =de <p b) pla”)

a)p ( ") +p(b) p (07))
a*a+b*b)) = n (a*a+b*b)>.

=det(p

A,_\
—~

=det (p

By straightforward calculation, it results that n (aa® + b*b ) =n(a*a+ b*b)°.
O

3. Examples

The following sequence of numbers
0,1,1,2,3,5,8,13,21,...,

with the nth term given by the formula:
frno=fn-1+ fn2, n>2,

where fo =0, f1 = 1, is called the Fibonacci numbers.
In [3], the author defined and studied Fibonacci quaternions given by
the formula:

Fn = fn <14 fn+1€2 + f'n+263 + fn—i—3e47
where f, is the Fibonacci numbers,

=-1, me{2,3,4}
and

emeq = —€qem = Bmget, Bmq € {—1,1},m # q,m,q € { 2,3,4},
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Bmq and e; being uniquely determined by e,, and e,. F, is called the nth
Fibonacci quaternion. In the same paper, the author gave some relations for
the nth Fibonacci quaternions, as for example the norm formula:

n(Fn) == ann = 3f2n+3,

where F,, = fn, -1 — fnt1€2 — fnioes — fniseq is the conjugate of the Fj,.
In the same paper, Horadam defined the nth complex Fibonacci num-
bers as follows:

Gn = fn +ifﬂ+17i2 = -1,

where f,, is the nth Fibonacci number.
Similarly, the nth complex Fibonacci quaternion is the element

Qn="F, +iF,1,i* =1,
where F), is the nth Fibonacci quaternion.
Example 3.1. For the real Fibonacci quaternion F,,, we have
det (A (Fn)) = det (p (Fa)) = (1 (Fa))* = 9f2, s

Example 3.2. The left matrix representation for a complex Fibonacci quater-
nion is the matrix:

fn *fnJrl *fn+2 *fn+3 *fn+1 fn+2 ‘fn+3 '.fn+4
fn+1 fn _fn+3 fn+2 _fn+2 'fn+1 'fn+4 fn+3
fntz  fnts fn —frner frts fata cfair frse
r (Qn) _ fn+3 _fn+2 fn+1 fn fn+4 'fn+3 ‘fn+2 'fnJrl
fn+1 _fn+2 _fn+3 _f7L+4 fn 'fn+1 fn+2 fn+3
otz fat1 —fnea fats St o fnts -fni2
fn+3 fn+4 fn+1 _fn+2 _.fn+2 'fn+3 fn 'fnJrl
fn+4 _fn+3 fn+2 fnJrl _fn+3 fn+2 fn+1 fn

By straightforward calculation, the determinant of the matrix I' (Q,,) is

2
detT'(Qn) = (f242fnfrsat2friotfoiat2fniofnia)
2
: (f3-2fnfn+2+4f5+1+2f5+2+4f5+3+f13+4‘2fn+2fn+4)

((fn+fn+z) (fototfia) )2
(s Fa)®  naeFsea)® F4F2 1 H412 )
((fn+fn+z) (uratfuea)?) (5205821)"
=95 (Ut fs)? + o+ Foa)?) (a4 F20)’

Example 3.3. The right matrix representation for a complex Fibonacci quater-
nion is the matrix:
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o cfnir <fat2 cfats ofatr fad2 fats ot
fn+1 .fn fn+3 ‘fn+2 'fn+2 'fn+1 'fn+4 fn+3
fn+2 ‘fn+3 fn fn+1 ‘fn+3 fn+4 ‘fn+1 ‘fn+2

0(Qn) = fnts  frnrz <fatr fo -fnta -fres Stz -fan
" fn+1 '.fn+2 fn+3 .fn+4 .fn 'fn+1 fn+2 fn+3

fn+2 fn+1 ‘fn+4 fn+3 fn+l fn ‘fn+3 fn+2

“frts frva fovr fav2 frdz fars fa fan

'fn+4 '.fn+3 'fn+2 .fnJrl 'fn+3 'fn+2 'fn+1 fn
We have

2
det T (Qn) = (f7 +2fnfar2t2fiio + friat2fnsafata)
2
: (fTZL'anfn+2+4f72L+1+2f7%+2+4f5+3+f72l+4‘2fn+2fn,+4)

2 2)\? (42 2 )2
=25 ((fn + fas2)® + (fara + fara)’) (P2 + 1248)°

Remark 3.4. A matrix representation for the complex Fibonacci quaternion
was introduced in [2]. This matrix representation, denoted in the following
with €, is a pseudo-representation since € (XA) # ¢(X)e(A) or e (XA) #
e(A)e(X), where X, A € He, X = x4+ iy, A = a + ib. Indeed, using the
above notations, we can write the representation from [2] under the form

e(4) = < f;f‘&?) ZZ Ezg )

By straightforward calculation, we have

_( P(ma—y'b) p'(z7b+ya)
e(X4)= ( —p' (z*b+ya) p'( ) ’

t(xa — yb)
e(X)e(4)= ( L (ab +yya) f (wa — yb)

and

t(ax — by) " (bx + ay)
e(Ad)e(X) = ( _ppt(bx+3y) /p)t(ax—bZ) )

From Fundamental Theorem of Algebra, it is known that any polyno-
mial of degree n with coefficients in a field K has at most n roots in K. If the
coefficients are in H (the division real quaternion algebra), the situation is
different. For H over the real field, there it is a kind of a fundamental theorem
of algebra: If a polynomial has only one term of the greatest degree in Hthen
it has at least one root in H. (see [1] and [4]).

In the following, we will give two examples of complex quaternion equa-
tions with more than one greatest term with a unique solution or without
solutions.

Example 3.5. Let Q,, = F,, + iF},+1 be a complex Fibonacci quaternion and
A a complex quaternion. We consider equations:
Q. X -XQ,=4 (3.1)

and
Q. X +XQ, =A. (3.2)
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If the equation (3.1) has a solution, then this solution is not unique, but
the equation (3.2) has a unique solution. Indeed, using the vector represen-
tation, Proposition 2.5 and Proposition 2.9, equation (3.1) becomes:

(F(Qn)—(é 2)@@”)(3 2))7:2.

We obtain that the matrix

0 0 0 0 0 0 0 0

0 0 2fni3z 2fnae 0 0 -2fnya 2fnys

0 2fnts 0 2fat1 2fnrs 0 2fnia 0
|0 2fne 2fan 0 2fnya O 0 -2fni1

0 0 2fnys 2fnya 0 0 2fni2 2fnss

0 0 0 0 0 0 0 0

0 2fnra 2fnpr 0 2fny2 0 0 -2 fng1

0 -2fnis 0 2fns1 2fnez 0 2fna 0

has det B = 0 and rankB = 4, as we can find by straightforward calculation.
Therefore, if the equation (3.1) has a solution, this solution is not unique.
In the same way, the equation (3.2) becomes

(F(Qn)+((1) Z)G(Qn)(é 2))7:2.

We obtain that the matrix

2fn ‘2fn+1 ‘2fn+2 ‘2fn+3 ‘2fn+1 2fn+2 ‘2fn+3 ‘2fn+4

2fn+1 2fn 0 0 2fnt2 2fnt1 0 0

2fn+2 0 2fn 0 0 2fn+4 0 2fn+2
| 2fues 0 0 2/, 0 2fuss 2fnis O

2fn+1 '2fn+2 0 0 an 'an+1 0 0

2fn+2 2fn+1 ‘2fn+4 2fn+3 2fn+1 2fn 2fn+3 ‘2fn+2

2fn+3 0 0 ‘2fn+2 0 ‘2fn+3 2fn 0

2 frya 0 2fnt2 0 0 2 fnt2 0 2fn
has

det D

=256 (fu-fat2)” (fatfos2)” (F242fnfriat2f2 ot f2 a2 ni2fora)
: (f?zl_zfnfﬂ+2+4f721+l +2f721+2+4f721+3+f72z+4'2fn+2fn+4>

= 1280f72L+1 (fn+fn+2)2 ((fn+fn+2)2 + (fn+2+fn+4)2) ( 721+1+f72L+3) :

It results det D # 0, therefore the equation (3.2) has a unique solution.
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Example 3.6. With the above notations, the matrix

is an invertible matrix.

Indeed,
5 (Qn)
0 0 0 0 0 0 2fnt3 2fnia
0 0 2fmis 2fure O 0 0 0
0 2fn+3 0 ‘2fn+1 2fn+3 0 0 2fn+2
_ 0 ‘2fn+2 2fn+1 0 2fn+4 0 ‘2fn+2 0
0 0 2fuss 2fnis 0 0 0 0
0 0 0 0 0 0 2fn+3  -2fni2
2fn+3 0 0 2fnyo 0 -2fnys 0 -2fni1
2fnta 0 2fn+yo 0 0 2fnt2 2fnt1 0

and
det § (Qn) = 256 (fn+3)4 (f7z+2 + fn+4)4

is different from zero.

Conclusions

In this paper we introduced two real matrix representation for the complex
quaternions and we investigated some of the properties of these representa-
tions. Because of their various applications to complex quaternions and to
matrices of complex quaternions, this paper can be regarded as a starting
point for a further research of these representations.
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